Oxide superlattices consist of periodic repetitions of two or more different oxide layers with coherent interfaces between the layers. They may exhibit emergent properties that are not merely volume averages of each constituent layer of oxide. For example, ferroelectric superlattice have been observed to exhibit dramatically enhanced polarizations, permittivity, and switching behavior. 1, 2 However, most of the existing studies were focused on superlattices composed of ferroelectric and paraelectric layers, e.g., BaTiO 3 /SrTiO 3 (BTO/STO) [3] [4] [5] [6] [7] [8] and PbTiO 3 /SrTiO 3 (PTO/STO). [9] [10] [11] [12] [13] In such superlattices, the electrostatic and mechanical couplings between the layers may lead to significant induced polarizations or even ferroelectric phase transitions in the paraelectric layers. In this work, we are focused on superlattices with both layers being ferroelectric and study their structures and properties using both phenomenological and phase field approaches.
We consider the specific example of (PTO) m /(BTO) n superlattices commensurately grown on a STO substrate. Here, we define a repeated stacking of m unit cells of PTO on n unit cells of BTO as (PTO) m /(BTO) n . The two ferroelectric layers, PTO and BTO, have different sensitivity to epitaxial strains; PTO has a much larger polar displacement and is less sensitive to the biaxial compressive strains than BTO. 14, 15 Our focus is on the effect of polarization-strain and electrostatic couplings in these superlattices on the polarization and tetragonality.
For thermodynamic calculations, the two different layers of the superlattice are treated as individual constrained thin films but coupled through electrostatic and mechanical interactions. 16 As both PTO and BTO layers are under large compressive strains imposed by the STO substrate, the ferroelectric domains with out-of-plane polarizations are more stable than others based on the phase diagrams 17, 18 of ferroelectric thin films. The electrostatic couplings between the ferroelectric layers favor uniform our-of-plane polarizations across the different layers to minimize the depolarization field. 16 Thus, the thermodynamic potential of the present ferroelectric superlattice (G) can be described by a polynomial in terms of single out-of-plane polarization (P 3 ). The phase field simulations discussed later validates the present phenomenological model. Then, the thermodynamic potential can be written as ; u 12 ¼ 0. Here, a A and a B are the in-plane lattice parameters of PTO and BTO layers, which are set to be equal to the pseudocubic lattice parameter of substrate STO due to the commensurate constraint, while a A0 and a B0 are the PTO and BTO pseudocubic lattice parameters, respectively. All the in-plane lattice parameters are listed in Ref. 21 , which are obtained from Ref. 22 and 23. The spontaneous polarization can be derived through
, where strain
. Q 11 and Q 12 are electrostrictive constants.
At small volume fraction of PTO, the polarization increases slightly with volume fraction, while at very high volume fraction, it increases rapidly as shown in Figure 1 , within which only c-domains are stable in both films. 17, 18 We define
, where P 3 ð0Þ is the thin film polarization along the thickness direction with zero mismatch strain; Dðc=aÞ is defined in the same way. It is clearly seen from Figure 1 (b) that the polarization of BTO film increases faster than that of PTO film under the same compressive strain. In other words, the polarization of BTO films is more sensitive to the epitaxial mismatch strain than that of PTO films although they have similar tetragonality enhancement and agree with prior first-principles 14 and thermodynamic 15 calculations.
Cooper and Rabe 24 argued that the stiffer BTO energy potential determines the slow increase of saturated polarization in the BTO layers. It should be noticed that the strain effect on BTO is more significant than on PTO due to the much larger lattice parameter difference between BTO and STO substrate than between PTO and STO. As a result, at high temperatures where PTO layers become paraelectric and BTO layers remain to be ferroelectric with smaller spontaneous polarization, a sluggish variation in polarization with PTO volume fraction is observed (Figure 1(a) ). This is quite different from the behavior of ferroelectric/paraelectric (FE/PA) superlattices, e.g., PTO/STO, in which the polarization in PTO layers is sensitive to its volume fraction change. 25 Thus, due to the stronger impact of epitaxial strain on BTO than PTO (Figure 1(b) ), the polarization in BTO layers does not vary significantly with PTO volume fraction until PTO layers become the majority phase in the superlattice.
There exists a critical volume fraction at which the polarization in the FE/PA superlattice disappears. This critical volume fraction can be obtained with the same approach as described in Ref. 16 , by neglecting the sixth-order and eighth-order terms of P 3 . The transition temperatures of PTO and BTO films on STO substrates are 1085 K and 1106 K, respectively (Figure 2(b) ). Thus at 1091 K PTO/BTO is a FE/PA superlattice, and the critical volume fraction 16 
The minimum tetragonality is reached as 
At room temperature, we get the minimum tetragonality 1.033 when PTO volume is 0.9 and @ðP 2 3 Þ @x equals 0.56, which agrees well with the results in Figure 2 (a) and from firstprinciple calculations. 24 With the increase of temperature, the PTO volume at which superlattice tetragonality approaches the minimum increases. Above 1038 K, the superlattice tetragonality decreases linearly with the increase of PTO volume, and there is no minimum point. Below the transition temperature, tetragonality of individual BTO films shows a weak dependence on temperature due to the large epitaxial strain induced by the STO substrate (Figure 2(b) ). Above the transition temperature, both the tetragonality of PTO and BTO films vary linearly with temperature.
Based on the thermodynamic analysis of the ferroelectric properties of the superlattice assuming a single domain state, we employed the phase field model to simulate the polarization distribution of (PTO) m /(BTO) n superlattice on a STO substrate. The simulation cell is discretized as 64Dx 1 Â 64Dx 2 Â NDx 3 , where Dx 1 ¼ Dx 2 ¼ 1 nm, Dx 3 ¼ 0:5a STO % 0:2 nm, and N ¼ 2ðm þ nÞ. x i ¼ ðx 1 ; x 2 ; x 3 Þ is the superlattice coordinate. Periodical boundary conditions are employed along the x 1 , x 2 , and x 3 directions. The strain arising from the substrate constraint is uniform and in plane, and the lattice mismatch between the two layers is part of the stress-free strain. The charges on the top surface and the superlattice/substrate interface are compensated. The free energy coefficients and the elastic and electrostrictive constants also come from Refs. 17, 19, and 20 as in the thermodynamic analysis. More details for constructing the phase field superlattice model as well as all the free energy expressions can be found in Ref. 23 .
The simulation starts from an initial paraelectric state with random noise perturbations for the local polarization. Figure 3 displays the stable domain morphology of a (PTO) 8 /(BTO) 9 superlattice at room temperature where only tetragonal c-domains are stable. The simulation size of the present superlattice is 64 nm Â 64 nm Â 6:8 nm. It is found that the polarization magnitude is almost uniform along the thickness direction of the superlattice, which is different from the BTO/STO superlattices where the polarization magnitude get maximized in the center part of the BTO layers. 23 The polarization distributions arises from the collective polarization-strain and electrostatic dipole-dipole couplings. First of all, both BTO and PTO layers in the superlattice prefer c-domains under a large compressive strain. Second, since these two layers are ferroelectric, the electrostatic energy minimization would prefer a uniform polarization magnitude across the superlattice thickness. These observations validate the utilization of single P 3 in the phenomenological description of the present superlattice. The average polarization magnitude and tetragonality of the (PTO) 8 /(BTO) 9 superlattice are 0.37 C/m 2 and 1.041, respectively, which agree with the results in Figures 1 and 2 . We also have carried out other superlattice simulations with different PTO volume fractions through the change of layers thickness while we keep the simulation size unchanged. We observed similar dependence of polarization on PTO volume fraction and also a minimum in the tetragonality at PTO volume fraction of around 90%, i.e., (PTO) 15 /(BTO) 2 .
In conclusion, it is found that the polarization of PTO/BTO superlattices is insensitive to the volume fraction of PTO when the volume fraction is below $90% and then increases rapidly from 90% to 100% as a result of dramatic enhancement of polarization and transition temperature within the BTO layers by the mismatch strain with the STO substrate. This volume fraction dependence of polarization could be exploited in designing compositionally graded ferroelectric thin films to induce large polarization gradient. In addition, both thermodynamic calculations and phase field simulations show the existence of a minimum tetragonality in the PTO/BTO superlattice as a function of PTO volume FIG. 3 . Domain morphology of a (PTO) 8 /(BTO) 9 superlattice obtained through a phase field simulation at room temperature. The two colors (purple and grey) in the superlattice represent c-domains with up and down polarization dipoles, respectively. fraction resulted from the combined electrostatic and mechanical interactions within the superlattices. This work was supported by the NSF through grants DMR-0820404, DMR-1210588, and DMR-1006541. The computer simulations were carried out on the LION and cyberstar clusters at the Pennsylvania State University, in part supported by instrumentation (cyberstar Linux cluster) funded by the NSF through Grant OCI-0821527.
